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1. Introduction

In this poster, Will address a set oflated issues pertaining to learning systems at
different levels oforganization. The basiquestionis, how can a learning system
store graded responses, i.e., any chosen responsewithin a certain range? An
obviouscaseis, Under which conditions can a neuron uphold any chosen graded

rate of firing through its interconnection with another neuron? But the question
should also basked athe single-cellevel, shce it is possibléhat the ability to
uphold any choserate offiring could be backed by adamhemical mechanism in
the cell orits immediate environment. Finallypdking at forced unsupervised
learning where exposure of a neural net to a stimulus contingency-C3CS
causes the net to react to CS as it originally reacted only to the UCS,
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Figure 1. A neural net candidating for forced graded learning

UCS (graded)

one can askvhat theconditions arainderwhich a networkcan learnany chosen
degree of a continuous UC®B/hat is required of aystem whiclcan learn(as we
can) a contingency beegn a certaifight and a tone ofny chosen frequency? Is

it possible to desigma three-neuronsystem which, given suitable activation
functionsandappropriateveights,accomplisheshis? If so, isthere a biologically
plausible weight update rule which assigns these weights under forced learning?

As will soon beclear, hese questions require an analysis of systems with
continuous attractors (i.e., connectedsets of point attractor$)Such systemshave
recentlybeendiscussed in the context tife control ofeye movements: These
discussions are however limited to netwarksnany interactingneurons upholding
each other'sactivity, the modelsused are aa rule quasi-linear,and theresulting
attractors ar@ot very robust’® Another many-cellsystem whichhasreceived an
analysis interms ofcontinuousattractors arehe hippocampal placeells®’ No
plausible synaptic osingle-cell systenfor upholding gradedctivity has yet been
proposed. Discrete adirtor mechanismg“‘biochemical switches”) have been
proposed®*° but continuousattractorshavenot beenimplicated.And none of the
modifications of Hebb’s ruléor synapticplasticity which havdbeen suggested can
account for graded learning in a three-neuron forced learning system.

In this presentatiorg large class of biologically not wholly implausilahen-linear
continuous atactor systems is described, which nieave thepotential toclarify
several of these remaining problems.
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2. Sorage and retrieval of graded responses. definitions

In the caseof a systemwith two variables xand y,learning ofgraded responses
means the following: for a certain region of state space (below sometimes referrec
as “everywhere”)clamping the system ainy value » of X causes y to go to a
value y, suchthat clamping the system gj gauses x to go to,x(When we say
that the systengoes toan equilibrium point, we alwaysnean that iigoes tothis
point in thelimit.) Clamping thesystem x-wisewill be referred to agpresentation,
the process which it initiates in the systenstaisage, and its finaly-wise result as a
representation. Clampingthe systeny-wise, i.e., letting therepresentation control
the systenstate, will be calledetrieval. Retrieval mayoccur from “everywhere”:
the systengoes to (¥ Yo) from (X, yp) for any x in theregion. If the system is
clamped y-wise when it is in an equilibrium point, the x value is sinqigd.

yA

(representation)

Storage

XY

(presentation)

Figure 2. Sorage and retrieval

Let us refer to the functionwhich delivers anequilibrium value for y from a
clampedvalue of xasthe storage function a(x). The inverse oh is the retrieval

function b(y) = a™(y).

In the following we willpresupposé¢hat the itrinsic dynamics of the system is not
changed bythe clamping.Henceevenwhen the systens free-running,all points
onthe graphA of a are equilibriumsand attractpoints intheir surrounding(The
surrounding points go towardsboth x-wise and y-wise.) In otharords,a defines

a continuous attractor.

Now we have defined what meean by dearning continuous attractor system.
We havenot yetaddressed the question howctmstructsuchsystemsBelow we
will show how theycan bebuilt from biologically plausible components. Blet us
first illustrate the principle by means of two fictive examples.
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3. The learning thermostat and the hydraulic memory system

Think of the system iifrigure 2 as dearning thermostat. Such adevicenot only
regulates the temperature x ofsaall room to a value which depends on the
internal state y of thihermostat. It also regulatés own internal stataccording to

the externaltemperature Any constant external temperaturg gor example,
outdoors)drives ittowards an internal statg guchthat thethermostatwhen later
kept in internal stateyyn the small room, gives the room the temperatyire x

It is not a whollytrivial task to construca learningthermostat. Fst, it is ofcourse
essential thathe functionsinvolved in the two control loops are each other’s
inversesHow to achieve thiswill be a main theme in théollowing. Second, the
internal state must bkept constant during regulatiasf room temperature. We
might refer to this asconsolidation of the representation. Third, a learning
thermostat must bable toswitch betveenkeepingits internal stateconstant and
letting the internal statlke regulated by thexternaltemperature. Wevill refer to
this switchas thememory gate. However, ifthe time scale of learning v&ry long
compared to the time thkes to regulate theom, and ifthere is no time delay
between thestorageand retrieval phases,the consolidationand memory gate
mechanismgould both be dispensemth for practical purposes. Inithcase the
drift of the internal state during regulation of room temperature will be negligible.

Another physical model, the design of whichalready containghe mechanisms
requiredfor learning, isoffered by the following hydraulic memorysystem. The
large container to the left in the figure is connected to avtiical tube whichcan
be filled to any desired heigfitom anexternal sourcel'he connection tube can be
opened and closed by a valve.

| T
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Figure 3. The hydraulic memory module

Startingwith anempty containeand an opewalve,one should add &ter up to a
certainlevel in the tube(“the desired level”)and replace it continuallyuntil the
water in the container has also reacheddvisl. The water reserweill now uphold
the desiredevel in the tube.One may also close the&alve. Then atany later
occasion, and starting with algwel inthe tubeopening thevalve will againresult
in the waterlevel being thesame in the contain@nd thetube — which meanhat
the system has retrievatinost exactly the desiretbvel of water inthe tube. Here,
of course, the large size of thentainer compared to thabe, whichensureghat
the level inthe containedoes not changeotably duringretrieval, corresponds to
widely differing time constants in the case of the learning thermostat.
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4. Conditions for learning continuous attractors

By representingny level inthe tube by means of the sataegel in the container,
the hydraulic model exemplifiebeé simplest systemhich learnsgradedresponses.

It is given by the identity functioa(x) = x. This functionhasitself asthe inverse,
andsystems whicluse itcan besaid torepresent by means of similarity. We will
soonshowthat there are manyther monotonidunctions,including a sebf non-
linear functions having themselves as inverses, which can learn graded response:

But let usfirst note thatnot all monotonic continuouattractorswill do. Whether a
line in state-space is eontinuous #ractor or not isdecided by the system’s
behavior in thdree-running state, while dearning systenmust also behave in a
special way when clamped in either variable. If the system state Snsivallto the
graphA of astrictly increasingunctiona, if clamped in a poinfx, y) to the left of
A, dx/dt(x, y) must be positive all the wayAoelse it will be trapped on the way:

&

Y

X
Figure 4. Conditions on dx/dt under y-wise clamping

Similarly, if (X, y) lies tothe right of the graph, dx/dt(x, y) must begative,and in
the case of x-clamping the corresponding conditions must hold for dy/dt.

The mentioned conditions are not only necessétiie signs othe twoderivatives
are the rightoneseverywhere (i.e., within the range consideredihe systemwill
behave as desired when clamped in either directiatinglthat the location of
(x, y) in relation to the graph is indicated by the signs af{(y) - x) and &(x) - y)
respectively, we can therefore formulate the following general conditions:

(1) The strictly increasing gragh y = a(x) always attracts S when y-clamped in
M iff for all (x, y) in M, dx/dt(x, y) everywhere has the same sigadqg)(- x)).

(2) The strictly increasing gragh y = a(x) always attracts S when x-clamped in
M iff for all (x, y) in M, dy/dt(x, y) everywhere has the same siga@${y)).
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5. Conditions for learning continuous attractors (continued)

Now considerany dynamic systen$ which fulfils the right side of (1and (2) for
the same strictly increasing functioa. Obviously, the systemoes to thesame line
(namely,A) when clamped in eithélirection, andstaysthere.Since clampingloes
not changehe system’s intrinsidynamics, itwill go to A from everywhereeven
when in the free-running state. Hereés a continuous attractor. So,

(3) A system has a strictipcreasing learningontinuous #ractoriff it fulfils the
right side of (1) and (2) for theame strictly increasing functioa.

The following isan equivalentbut moreintuitive way of formulatingthe relevant
conditions on the timéerivativesdx/dt and dy/dt. Supposeirst that a is strictly

increasing, as imur argument séar. Given a fked y and with x growing from

somewhere to thieft of A, dx/dt shouldfirst be pogive, then zerdat A) and then
always negative. Let us express this by saying that dxddsesending in x. When x
is fixed and y grows from somewhere belawdx/dt instead goesom negative via
zero to always postive. Hence dx/dt should beascending in y. Note that an
ascendingunction need notbe monotonically ascendinglikewise, anascending
function need not be monotonically ascending.

Now let theformula, dx/dt =f-+(X, y) expressthat dx/dt isdescending in x and
ascending in y. The meaning of similar locutions, such as dx/dt = f--(x, y), should I
immediately clear withoutdefinitions. Theaboveargument establishes that if an
increasingfunction a shall be dearning continuousattractorfor a system(x, y), it
must be thecase that dx/dt #-+(x, y). (This corresponds to theight side of
Equationl.) Similarly, it must be thecase that dy/dt $+-(x, y) (cf. Equation 2).
Finally, thetwo derivatives musswitch sign together. But these three conditions
also guarantee the existence atractly increasingfunction where bdt dx/dt and
dy/dt switch signs. Hence we get the following equivalent of (3):

(4) The system S(x, Was astrictly increasing learningontinuous #ractor iff;
dx/dt = f-+(x, y)and dy/dt has the opposite sign of dx/dt everywhere.

So far wehavenot used the graphs decreasing functions asattractors. However,
it is easy toverify that in these caséfor examples see next page), the counterpart
of (4) becomes:

(5) The system S(x, yhas astrictly decreasing learning continuoutsractor iff:
dx/dt = f--(x, y)and dy/dt has the same sign as dx/dt everywhere.

The concept of a time derivative dxiglhich isdescending in xan besaid to be a
more precise version of the concephedative feedback. So, conditions (4and (5)
formulate two differentvays inwhich negative feedbaatan underliea continuous
learning attactor for a system. It is oftersaid that negative feedback subserves
homeostasis. We arkere arguingthat if the set ofall possible homeostatic
equilibriums in a region of state space is exploited, it may also subserve learning.
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6. Salf-inverses, decreasing attractors, and symmetric systems

A function issdf-inverse if and only if f(f(x)) = x. Geometrically, the graph of a self-
inverse function is symmetraround thdine x = y. The function x = vy igself a
self-inverse.There areinnumerabledecreasing self-inverse functionspxamples
include y = - x, y = k/xfor any constant kland ¥ + y? = 1 restricted to thdirst
guadrant. Analyticallythey canall be written ad(x, y) = 0, where f is apositive
symmetric function (for example, x +y = 0). Now,

(6) Any systemwith dx/dt = dy/dt = (X, y), where fis positiveand symmetric,
has thedecreasingself-inversefunction f(x, y) = 0 as alearning continuous
attractor.

This follows immediately from Equation (&hd simple consideration$ symmetry.
For example, a systemwbeying thedynamic equations dx/dt = dy/dt = 1 - wyll
have the graph of the function xy = 1 as a learning continuous attractor:

Figure 5. The flow field for dx/dt = dy/dt = 1-xy

Other simple self-inverse systems include dx/dt = dy/dt+ y (which has thdine
y = - X as its attractor) and dx/dt = dy/dt =¥y + 1 (withy = 1 - x as thattractor).
Depending orthe coding of photographicolors, one ofthesesystems may be
taken toformalizethe propertie®f photographimegativesNote that in traditional
photography, theriginal signal is restoreldy taking thenegative of thenegative.
This means that we are using a self-inverse representational system.

Of course, a mairformal reasonfor using self-inversefunctions when building
continuous learningattractor systems is thatne does nothave to search
independenthfor the inverse ofthe storingfunction. It isthere alreadyoecause of
the symmetric negativieedback. Buthere is alsa materialreasonfor preferring
these systems.
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7. Biological self-inverse systems?

The materialeason ighat actuakelf-inversesystems can, in principle, be built by
using any two identical components in any symmetrical inhibitory arrangement
obeying Equation (6). The essential point that as dng as Equatio®) is fulfilled,

it does not mattewhich symmetric function one uses to control thwe derivatives.
And it seems that it ia much easier tasfor ontogeny and phylogeny to produce
two identical urts and to couplehem symmetricallythan to try tofine-tune the
properties of non-identical units in order filod the properinverse of a storing
function. No fine tuning is required once we know that the system is symiauadiic
in the right way, inhibitory.

To be sure, “in the right way” may not be easily attainable. In the@ymnanetrical
neural network systemith two identicalneurons obeying amhibitory dynamics

of the kind dx/dt = dy/dt = f--(x, y) £-(y, X) would be able tstore infornation in

a self-invertible form, and hence to uphold and re-create graded activity. One way
realizing this would seem to be a system wleaeh neuron sendstivity through
identical inhibitory connections themselves as well as to the other neuron:

Figure 6. A possibly self-inverse neuronal net (w < 0)

However, wealso have tesupposéhat theactivation function isuchthat the time
derivative of the activity isnly (descendinglyfiependent on the input.

| do not know of anyreal neuralsystem whichobeys such an “input-driven”
dynamics, but since there andinitely many solutions of this kindnd snce they

all automatically provide the decoder together with the coder, it would be surprisir
if the CNS did not use any of them.

Here it is also ofjreat interesthatamongall the self-inverse functions, onlgne is
increasing:identity. Hence if youwant to builda learning continuous t@actor
system by means aymmetrical couplings whichprovide both positive and
negative feedbaclk.e., a symmatric systemobeying Equation 4bove),you will
have touse representation smilarity. Theoretically this is otourse notmore
difficult than building thesymmetric decreasingsystems:for example, let the
neurons obey dx/dt =y - x, dy/dt = y,-and they will have theontinuous #ractor
X = y. But | think the consensus ishat for a biological two-neurorsystem the
attractor x =y is not very plausiblehile | guess that it is too early to say sane
of all the possible decreasing systems.

In otherwords,theremay be other reasoniBan energyconsiderationdehind the
ubiquity of inhibitory connections in our central nervous systems.
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8. Ditfusion and chemical equilibrium attractors

Just as theself-inverse functions constitute an especially interesting class of
decreasing continuous attractongreasingattractorswith dy/dt = -dx/dt mayhave

a special biologicatelevanceConsider abstractly diffusion over amembrane. Let

x and y standor the concentrations of a chemical C on th® sidesof the
membrane. If no ber reaction thawliffusion occurs, dy/dt =dx/dt. If dx/dt and
dy/dt depend on x ang in the way required byEquation(4) — which we may
suppose — then we are dealing with a system with an increasing learning continut
attractor.Note that the attractoneed not be atraightline. This isbecause the
exchange process may obey different dynamics at different total concentrations.

Here is the formal backbone ofvary simple ssingle-neurormemory system which
is based on a diffusion attractor. The extemmalit to thecell setsthe concentration
of a chemical C in a compartment X #ovalue x which, inturn, determines the
frequency of spiking. Ccan diffuse between X and another, much larger
compartment Yirom which it cannot escape ianyway except than to >&inally,
diffusion is only possible when membrane channel D is open:

output

input

Figure 7. A diffusion-based single-neuron memory

Dependingon the state of the membrarghannel(the memorygate), this system
will uphold, store or approximately recreatay firing frequency whichhas been
forced upon it for a sufficiently long time.

Not only diffusion systems,but also a host of ber biochengal equilibrium
reactionsystemsgdetermine learningontinuousattractors. If xand y denote the
concentrations of chemicals A and AB in an isolated simple system catalyzed by

A+BS AB
C

then dx/dt = -dy/dt #-+(x, y), and Equation(4) is fulfiled. Again, the increasing
attractor which is involved need not bdinear since the reaction kinetics may
change qualitatively at certain concentrations of A.

Also note thaeverything elsdoeingequal,clamping A at a highdevel will cause
the equilibriumconcentration of Bo go down.Hencethe system defined by the
concentrations of A and B, respectively, will hawieereasing learning attractor.
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9. Forced associative learning, and simplicity in complexity

Our argument leads naturally to tf@lowing model offorced learning. The UCS
produces a teporary concentration x of a chemical A, which controls dbgout.
The CS activateenzyme D, whiclalone enables a reaction betweeradd A*.
There is a large functional store of A* through its participation in further reactions.

UCS (graded)

R (graded) &

Figure 8. A continuous attractor model of forced, graded learning

The Pavlovianlearning condition will lead to a build-up of A* (andts further
products)until there is an equilibriumwith the input concentration x of A. After
that, CS willby itself make the‘chemical store’releasqgust enough A taachieve
the concentration x, and the system’s output will be very like the desired signal.

Of course, our simplistic model is a caricature of cell biochemistry. But note that tt
conditionsfor learning attractors are s@ermissive thatmany complexsystems
fulfil them at least in circumscribeggions oftheir state-spaceSuppose, for
example, that A is involved in two equilibrium reactions with different kinetics:

A+BSAB;A+DS AD

Here it is no longer the caseith x and y agairbeing the concentratiortd A and
AB, that dx/dt = -dy/dt. It is nagven true, consideringlarge state-space, that dx/dt
and dy/dt always have opposite signs, since avitrell choserstarting point — a lot
of B and alot of AD — the reactiongan run inopposite dominant directiorier a
while. However, if weconsider only the paxif the state-space which resuitsm
starting in the overall equilibriums of the systemand nanipulating the
concentrations of A or AB, dx/dt will have the oppositgn of dy/dt inthis region.
If, for example, we add some Atioe system irequilibrium, boh reactionswill run
with a dominant direction towards the right, so dx/dt < 0 and dy/dt > 0.

| dare a gues®ven someery complex biochemical reacti®systemsthe detailed
dynamics of which are intractable wahalytical and simulatiomethods, mayvell
be amenable to simple descriptions in terms of learning continuous atttadtods.
it may be dfruitful venture to searclamong thesattractors,for the oneswhich
explain forced associative learning of graded responses.
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